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ON A QUESTION OF EKEDAHL AND SERRE
KE CHEN, XIN LU, AND KANG ZUO
Abstract. In this paper we study various aspects of the Ekedahl-Serre problem. We
formulate questions of Ekedahl-Serre type and Coleman-Oort type for general weakly
special subvarieties in the Siegel moduli space, propose a conjecture relating these two
questions, and provide examples supporting these questions. The main new result is an
upper bound of genera for curves over number fields whose Jacobians are isogeneous to
products of elliptic curves satisfying the Sato-Tate equidistribution, and we also refine
previous results showing that certain weakly special subvarieties only meet the open
Torelli locus in at most finitely many points.
Contents
1. Introduction 1
2. Questions of Ekedahl-Serre and Coleman-Oort types 4
3. Evidence in positive dimensions 6
4. Evidence in dimension zero 9
4.1. The self-product case 9
4.2. variant for products of CM abelian varieties 15
References 17
1. Introduction
This paper is dedicated to a question of Ekedahl and Serre [ES93] on algebraic curves
with completely decomposable Jacobians when the genus tends to infinity. Here a Jaco-
bian, or more generally an abelian variety, is said to be completely decomposable (also
called totally split in the literature) if it is isogenous to a product of elliptic curves. In
[ES93] Ekedahl and Serre have constructed various examples of algebraic curves with
completely decomposable Jacobians, and they asked whether the genera of the algebraic
curves with completely decomposable Jacobians are bounded from above.
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The question can be reformulated in terms of Shimura varieties. One considers M
the Shimura subvariety in Ag parametrizing abelian varieties isomorphic to a product of
elliptic curves respecting the principal polarizations. It is clear that M is isomorphic to
a g-fold product of modular curves upon the choice of a suitable level structure imposed
on Ag. An abelian variety isogenous to a product of elliptic curves thus corresponds to
a point in some Tq(M), where Tq stands for the Hecke translation by q ∈ Sp2g(Q) in Ag.
The question of Ekedahl and Serre is concerned with the existence of a lower bound for g
such that the intersection
T ◦g
⋂( ⋃
q∈Sp2g(Q)
Tq(M)
)
is finite or even empty, where T ◦g is the open Torelli locus parameterizing Jacobians of
smooth projective curves of genus g.
The huge union
⋃
q∈Sp2g(Q)
Tq(M) appears inconvenient to deal with, and the situation
would be considerably simplified if one could reduce the intersection above to a “smaller”
one like
T ◦g
⋂(
Tq1(M) ∪ · · · ∪ TqN (M)
)
involving only finitely many Hecke translates. This would transform the question of
Ekedahl and Serre to a problem in the flavor of Coleman and Oort: the original Coleman-
Oort conjecture, cf.[MO13], predicts that the when g is large enough, the intersection of
T ◦g with any Shimura subvariety in Ag of strictly positive dimension should contain at
most finitely many CM points, and here we ask for condition under which the intersection
T ◦g
⋂
(Tq1(M) ∪ · · · ∪ TqN (M)), with non-CM points allowed, is finite or even empty.
We expect that these questions still make good sense for more general Shimura sub-
varieties and even weakly special subvarieties in Ag. In this paper we present evidence
supporting the perspective. The materials are organized as follows:
Section 2 formulates the questions of Ekedahl-Serre type and of Coleman-Oort type
for weakly special subvarieties in Ag, and we propose a conjecture relating these two
questions. The notion of weakly special subvarieties is recalled and the relation between
our questions and the Zilber-Pink conjecture is briefly explained.
Section 3 provides evidence toward the questions for weakly special subvarieties in
strictly positive dimension. We extend our previous results on the Coleman-Oort con-
jecture to show that certain weakly special subvarieties only meet T ◦g in at most finitely
many points:
Theorem 1.1. Let Z ⊂ Ag be a weakly special subvariety with weak Mumford-Tate group
G such that G ⊗Q R ≃
∏
i=1,··· ,r SU(pi, qi) with pi + qi = n independent of i = 1, · · · , r,
satisfying the following conditions:
• pi ≥ qi ≥ 0 and maxi=1,··· ,r{ qin } < 112 ;• qi0 ≥ 2 for some i0 ∈ {1, · · · , r}.
Then Z only meets T ◦g in at most finitely many points.
Here the notion of weak Mumford-Tate group is defined as an analogue of the derived
part of the Mumford-Tate group of a Shimura subvariety, and the main technique in the
proof is a slope inequality for the Hodge bundles associated to surface fibrations.
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Section 4 provides evidence supporting the questions for certain type of points, i.e.,
zero-dimensional weakly special subvarieties. We first treat the case of self-products of
an elliptic curve:
Theorem 1.2. Let c, d, and H be given positive constants. Then there exists a positive
constant G = G(c, d,H), such that g ≤ G if there exists a smooth projective curves C
over Q¯ of genus g satisfying the following conditions:
• C is defined over a number field F of degree at most d;
• the Jacobian Jac(C) of C admits an isogeny of degree at most c to Eg, where
E is an elliptic curve over F with Faltings height hFal(E) not exceeding H and
satisfying the Sato-Tate equidistribution as in Theorems 4.1 and 4.2.
Restricting to the CM case, it is known that the Sato-Tate equidistribution holds for a
finite product of CM elliptic curves (cf. Theorem 4.10 for general CM abelian varieties,
not necessarily simple), and that the Faltings height of a CM elliptic curve is bounded
from above by the degree of its definition field (cf. Theorem 4.11). Thus we prove
Theorem 1.3. Let c and d be given positive constants. Consider the following set of
isomorphism classes:
Ccd =
 C
∣∣∣∣∣∣∣∣∣
C is a smooth projective curve of genus g > 0 defined over
a number field F with [F : Q] ≤ d, and the Jacobian Jac(C)
admits an isogeny of degree at most c to E1 × · · · ×Eg
for some CM elliptic curves Ei over F .

/
∼=
.
Then the set Ccd is finite. In particular, the genera of curves in C
c
d are bounded.
Theorem 1.4. Let d be any given positive constant, and consider the following set of
isomorphism classes
Sd =
 C
∣∣∣∣∣∣∣
C is a smooth projective curve of genus g > 0 defined over
a number field F with [F : Q] ≤ d, and the Jacobian Jac(C)
is isogenous to Eg for some CM elliptic curve E over F .

/
∼=
.
Then the set Sd is finite. In particular, the genera of curves in Sd are bounded.
Similar arguments allow us to treat the case of products of CM abelian varieties whose
dimensions and number fields of definition are both bounded a` priori, see Theorem 4.12.
In other words, we exclude from T ◦g certain types of algebraic points over number fields,
as long as the abelian varieties represented by these points satisfy the Sato-Tate equidis-
tribution. The proof is much motivated by a similar result in positive characteristic by
[Kuk10] based on a careful study of singular points in surface fibration.
Remark 1.5. It should be pointed out that the general situation of Ekedahl-Serre question
is still open. The recent works of Paulhus etc. have updated the list of values of g for
which there exists totally decomposable Jacobians of genus g, cf. [Pau08, Pau13, PR16].
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2. Questions of Ekedahl-Serre and Coleman-Oort types
We refer to [CLZ16] for our convention on (connected) Shimura subvarieties inAg, which
are associated to (connected) Shimura subdata and are also called special subvarieties in
the literature.
Aside from Shimura subvarieties there is the notion of weakly special subvarieties, the
definition of which is briefly recalled as follows. Let M = Γ\X be the Shimura variety
defined by (G, X ;X+) and Γ, and M ′ ⊂ M the Shimura subvariety defined by some
Shimura subdatum (G′, X ′;X ′+). There exists a morphism of connected Shimura varieties
p : M ′ → M ′′ where M ′′ is the Shimura variety associated (G′ad, X ′ad;X ′+) using the
adjoint groupG′ad ofG′, the same connected Hermitian symmetric domain X ′+, the orbit
X ′ad = G′ad(R)X ′+, and p is induced by the projectionG′ → G′ad. Once (G′ad, X ′ad;X ′+)
admits a decomposition into a product of Shimura data (G1, X1;X
+
1 )×(G2, X2;X+2 ), one
may find a finite morphism of Shimura varieties M ′′ → M1 ×M2 with Mi associated to
(Gi, Xi;X
+
i ), and an irreducible component of the preimage of x¯1 ×M2 in M ′, for some
complex point x¯1 ∈ M1, is a weakly special subvariety of M , and every weakly special
subvariety inM is obtained in this way. In this paper we do allowM2 to be trivial, and in
this way the notion of weakly special subvarieties of dimension zero is not very interesting:
it is simply the whole collection of complex points in M .
It is proved in [Moo98] that weakly special subvarieties in Shimura varieties are the
same as totally geodesic subvarieties, and that a weakly special subvariety is special, i.e.
is a Shimura subvariety if and only if it contains a special point, namely zero-dimensional
Shimura subvariety.
Similar to the notion of Mumford-Tate groups for Shimura subdata and Shimura sub-
varieties, we can talk about the weak Mumford-Tate group associated to a weakly special
subvariety:
Definition 2.1 (weak Mumford-Tate group). Let M = Γ\X+ be a Shimura variety
defined by (G, X ;X+), and let Z be a weakly special subvariety in M defined by the pro-
cedure above: one starts with a Shimura subvarietyM ′ = ℘Γ(X
′+) given by (G′, X ′;X ′+),
and p :M ′ →M ′′ the morphism of Shimura varieties given by the adjoint map
(G′, X ′;X ′+)→ (G′ad, X ′ad;X ′+) ≃ (G1, X1;X+1 )× (G2, X2;X+2 ),
so that Z is an irreducible component in p−1(x¯1 × M2). In this case we define the
weak Mumford-Tate group MTwk(Z) to be the derived part of the neutral component
of p−1(G2). From the factorization p : G
′ → G′ad ≃ G1 × G2, it is easy to verify that
MTder(Z) is a connected semi-simple Q-subgroup of G, with adjoint group G2.
The construction of MTwk(Z) is not canonical. For example, one may consider a second
Shimura subdatum (γG′γ−1, γX ; γX+) by the conjugation of some γ ∈ Γ, which leaves
M ′ and Z unchanged but modifies MTwk(Z). This notion is only introduced as a choice of
semi-simple Q-subgroup in Sp2g that gives rise to an equivariant embedding X
+
Z →֒ H−g+
in the sense of [Sat67], with X+Z the Hermitian symmetric uniformizing Z. In particular,
Z is also of the form ΓZ\X+Z , where ΓZ is a congruence subgroup in MTder(Z). These
observations are useful later for the study of Hodge vector bundles on Z in Section 3.
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Note that for Z = M ′ a Shimura subvariety defined by (G′, X ′;X ′+) one may simply
choose MTwk(Z) = G′der. However for a weakly special subvariety, like a point z of zero
dimension, its weak Mumford-Tate group is necessarily a point, namely the trivial group,
while the derived part of its Mumford-Tate group might be non-trivial, related to the
minimal Shimura subvariety containing it.
Definition 2.2. Fix M = Γ\X+ a Shimura variety defined by (G, X ;X+) and M ′ a
Shimura subvariety defined by (G′, X ′;X ′+). For q ∈ Gder(Q) we define the Hecke trans-
late Tq(M
′) of M ′ by q to be the Shimura subvariety defined by (qG′q−1, qX ′; qX ′+).
Namely we realize M ′ as ℘Γ(X
′+) using the uniformization map ℘Γ : X
+ → M , and we
define Tq(M
′) = ℘Γ(qX
′+). The union
HM(M
′) :=
⋃
q∈Gder(Q)+
Tq(M
′)
is called the total Hecke orbit of M ′ in M .
The same procedure applies to weakly special subvarieties, because it is easy to see
that Hecke translation respects weakly special subvarieties. Moreover, if Z is weakly
special with associated weak Mumford-Tate group H, then Tq(Z) is weakly special with
associated derived Mumford-Tate group qHq−1.
In the sequel we only need the total Hecke orbit for M = Ag using Hecke translates
indexed by q ∈ Sp2g(Q), and we simply write H(M ′) omitting the subscript Ag.
The following two questions are inspired by the question of Ekedahl and Serre and the
conjecture of Coleman and Oort:
Question 2.3. Fix a weakly special M in Ag.
(ES) Under what condition for M and g could one find T ◦g
⋂
H(M) being finite or even
empty?
(CO) What kind of weakly special M ⊂ Ag could produce a finite intersection T ◦g
⋂
M?
When could the intersection T ◦g
⋂
M be even empty?
Question (CO) is of different flavor from (ES), as only one fixed weakly special variety
is considered instead of the total Hecke orbit, and (CO) slightly strengthens the original
Coleman-Oort conjecture which only predicts finiteness of CM points in T ◦g for g large.
As we have mentioned in Section 1, it is in general inconvenient to deal with the total
Hecke orbits directly. Motivated by our progress in (CO), which will be reviewed later in
Section 3, we propose the following conjecture which should serve as a bridge from (ES)
to (CO):
Conjecture 2.4. For g large enough and M a weakly special subvariety in Ag, the inter-
section T ◦g
⋂
H(M) can be reduced to only finitely many Hecke translates of M , namely
there exists q1, · · · , qN ∈ Sp2g(Q) such that
T ◦g
⋂
H(M) = T ◦g
⋂(
Tq1(M) ∪ · · · ∪ TqN (M)
)
.
Note that Questions (ES) and (CO) and the conjecture above make sense for zero-
dimensional weakly special subvarieties, namely points. If the point in question is a CM
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point, then so it is with any of its Hecke translates, and (ES) in this case is a consequence
of the original Coleman-Oort conjecture which predicts the finiteness of CM points in T ◦g
for g large. Tsimerman has shown in [Tsi12] that (ES) holds for certain points which
actually lead to empty intersection. Chai and Oort went further in [CO12] showing that
similar empty intersection also occurs for the Hecke orbit of certain CM points with Hodge
generic subvarieties in Ag, i.e. closed irreducible subvarieties not contained in any proper
Shimura subvarieties. We will provide some zero-dimensional examples supporting (CO)
in Section 4.
The recent progress on the Zilber-Pink conjecture, which is a far-reaching generalization
of the Andre´-Oort conjecture, is much motivated by the rich arithmetic and geometry of
atypical intersection in Shimura varieties:
Conjecture 2.5 (Pink’s conjecture on atypical intersection). For M a Shimura variety,
write M [d] for the union of Shimura subvarieties of codimension at least d. Then for any
Hodge generic closed irreducible subvariety V ( M , the intersection V ∩ M [1+dimV ] is
contained a finite union M1 ∪ · · · ∪Mn for some Shimura subvarieties M1, · · · ,Mn (M .
This conjecture of atypical intersection is a consequence of the more general conjecture
of Zilber and Pink, which should follow from the hyperbolic Ax-Schanuel conjecture and
the conjecture of large Galois orbits, see [DR17] for more details. Note that a proof of the
hyperbolic Ax-Schanuel conjecture is recently announced by Mok, Pila, and Tsimerman.
However it is not yet clear how to draw useful consequences from the Zilber-Pink
conjecture towards the conjecture bridging (ES) and (CO). Consider V = Tg which is
Hodge generic in Ag, then forM ⊂ Ag a Shimura subvariety of codimension at least 3g−2
the total Hecke orbit H(M) is contained in A[3g−2]g , and one should have T ◦g ∩ H(M) ⊂
V ∩A[3g−2]g be contained in finitely many proper Shimura subvarieties M1, · · · ,Mn inside
Ag, but it is not evident that one could choose these Shimura subvarieties to be contained
in Hecke translates of M .
3. Evidence in positive dimensions
Our previous work [CLTZ] has shown that Question (CO) is true for Shimura varieties
whose Mumford-Tate groups contain “large” compact factors, which we review in the
weakly special setting as follows for reader’s convenience:
Proposition 3.1 ([CLTZ, 2.4, 2.5]). Let Z ⊂ Ag be a weakly special subvariety of dimen-
sion > 0 with weak Mumford-Tate group G = MTder(Z). Assume that G = ResF/QH for
some semi-simple F -group with F a totally real number field of degree d such that H gives
rise to a compact Lie group along r real embeddings F →֒ R, and gives non-compact Lie
groups along the other d − r real embeddings. Then the open Torelli locus T ◦g only meets
M in at most finitely many Q¯-points when
r
d
>
5
6
+
1
6g
The main idea behind this criterion is a slope inequality of Xiao which allows us to
exclude weakly special subvarieties with sufficiently many compact factors in the derived
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Mumford-Tate groups, using numerical properties of the semi-stable surface fibration
associated to a curve in T ◦g . In particular the property of possessing “large” compact
factors is invariant under Hecke translation for a given weak Mumford-Tate group, which
makes (ES) more hopeful via the reduction to (CO) through Conjecture 2.4.
Sketch of proof. If the intersection were of strictly positive dimension, it would contain
a curve C, which lifts to a curve B inside Mg and the construction in [CLZ16] and
[CLTZ] completes it into a semi-stable surface fibration f : S → B, whose Hodge bundle
ω = f ∗ωS/B, a vector bundle on B of rank g, is determined by the (1,0)-part in the Hodge
decomposition for C using the universal family of abelian varieties over C given by the
modular interpretation C ⊂ Z ⊂ Ag.
The Hodge bundle ω on B admits a decomposition into F0⊕F1, with F0 the flat part of
degree zero, and the slope inequality of Xiao (cf. [CLZ16, Theorem1.2.2]) for f : S → B
implies that
rankF0
g
≤ 5
6
+
1
6g
.
The direct sum F0⊕F1 is induced from a similar decomposition E0⊕E1 on C by subbundles
of the same ranks respectively, using the (1,0)-part of the Hodge decomposition for the
universal family of abelian varieties by the modular interpretation of C →֒ Ag. The
refinement C ⊂ Z ⊂ Ag implies that rankF0g ≥ rank E0g ≥ rd , and a contradiction arises when
r
d
>
5
6
+
1
6g
. 
The proposition above only requires information from the “portion” of compact factors.
The paper [CLTZ] has passed on to Shimura varieties of SU(n, 1)-type, i.e. uniformized
by the Hermitian symmetric space associated to the simple Lie group SU(n, 1), with
similar results true for weakly special subvarieties of SU(n, 1)-type. Its argument through
the slope filtration of the Higgs bundles could be adapted to treat more general weakly
special subvarieties of unitary type:
Definition 3.2. A weakly special subvariety Z is said to be of unitary type if its weak
Mumford-Tate group G is a simple Q-group admitting a decomposition in Lie groups of
the following form
G⊗Q R ≃ SU(p1, q1)× · · · × SU(pr, qr)
with pi ≥ qi ≥ 0 and pi + qi = n constant. The universal cover X+Z of Z is thus the
direct product of the Hermitian symmetric domains X+i associated to those SU(pi, qi)
with qi > 0, and it is equivariantly embedded in H+g with respect to G →֒ Sp2g.
Shimura varieties of unitary type are simply weakly special subvarieties of unitary type
containing CM points.
Theorem 3.3. Let Z ⊂ Ag be a weakly special subvariety of unitary type, with weak
Mumford-Tate group G admitting a decomposition G⊗QR ≃
∏r
i=1 SU(pi, qi), pi+ qi = n,
such that:
• pi ≥ qi ≥ 0 and max
i=1,··· ,r
{
qi
n
}
< 1
12
,
• qi0 ≥ 2 for some i0 ∈ {1, · · · , r}.
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Then Z only meets T ◦g in at most finitely many points.
The main idea of the proof is similar to [CLTZ, Section 3]:
Proof. Using the Satake classification cf.[Sat67], the condition qi ≥ 2 for some i forces
that the symplectic representation G →֒ Sp2g of the simple Q-group Gder decomposes,
after the base change from Q to R, into the following form:
R2g = V0
⊕
(V1 ⊕ · · · ⊕ Vr)⊕m
with V0 a trivial representation of even dimension 2n0 and Vi the 2n-dimensional standard
R-linear representation of SU(pi, qi) on C
n = Cpi ⊕ Cqi preserving an Hermitian form of
signature (pi, qi). In particular, g = n0 + rmn.
Fine information is needed for the Hodge decomposition of the complex vector bun-
dle associated to the locally constant sheaf associated to the C-linearized representation
Gder(R) → GL2g(C). Write E = E1,0 ⊕ E0,1 for the Hodge decomposition on Z given by
the modular interpretation of Z →֒ Ag, with E1,0 and E0,1 both complex vector bundles
of rank g:
• Gder(R) acts on V0 trivially, and V0 contributes to both E1,0 and E0,1 a trivial
vector bundle of rank dimV0.
• Gder(R) acts on Vi = Cn through SU(pi, qi), preserving an Hermitian form of
signature (pi, qi). The complexification Vi ⊗R C gives rise to a locally constant
sheaf in fiber C2n, which underlies a PVHS with a decomposition of the form
Ei = E ′+i ⊕ E ′−i ⊕ E ′′+i ⊕ E ′′−i
such that
– E ′+i ⊕ E ′′+i is the complexification of the homogeneous vector bundle on X+i
(the Hermitian symmetric domain of SU(pi, qi)) given by the action of the
maximal compact subgroup of SU(pi, qi) on C
pi (through the compact unitary
group U(pi)), and the complex conjugation on C
pi induces a permutation of
E ′+i and E ′′+i ;
– similarly, E ′−i ⊕E ′′−i is associated to the negative part Cqi on which the maximal
compact subgroup of SU(pi, qi) acts through the compact unitary groupU(qi).
Clearly the 1st Chern class of Ei, namely the sum of Chern classes of the sum-
mands described above, is zero as it is associated to a locally constant sheaf. The
symmetry of complex polarization and the signature of Hermitian form imply that:
– c1(E ′±i ) + c1(E ′′±i ) = 0
– E1,0i = E ′+i ⊕ E ′′−i is the direct sum of two subbundles of equal Chern classes
and rank pi, qi respectively.
Assume that a curve C (not necessarily projective) is contained in Z ∩ T ◦g . The con-
struction in [CLZ16] produces a semi-stable surface fibration f : S → B, where B is the
compactification of the lifting B ⊂Mg from C ⊂ T ◦g . The Hodge bundle E1,0B := f ∗ωS/B
admits a decomposition obtained by pulling back and extending the direct sum E1,0 over
Z:
E1,0
B
= E1,0
0,B
⊕
(E ′+
i,B
⊕ E ′′−
i,B
⊕ · · · ⊕ E ′+
r,B
⊕ E ′′−
r,B
)⊕m
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where E ′+
i,B
and E ′′−
i,B
are of equal degree di > 0 and rank pi, qi respectively, and E1,00,B is
trivial of rank n0.
We thus have deg E1,0
B
= 2m(d1 + · · · + dr) and the maximal slope in the Harder-
Narasimhan filtration of E1,0
B
is at least µ := max{di
qi
: 1 ≤ i ≤ r, qi 6= 0}. For f : S → B
Xiao’s slope inequality implies (cf. [Xia87] )
12 deg E1,0
B
≥ (2g − 2)µ.
We have assumed that qi <
n
12
for any 1 ≤ i ≤ r. Thus µ > 12d
n
for d = max
i
di. Henceforth
12 · 2mrd ≥ 12 deg E1,0
B
≥ (2g − 2)µ > 2(n0 + rmn) · 12d
n
,
and one obtains 12rmn > 12(n0 + rmn) which is absurd. 
It should be pointed out that one does not expect (CO) to be true for arbitrary weakly
special subvarieties, or even Shimura subvarieties. Prof. Martin Mo¨ller has communi-
cated to us a counter-example in each dimension: the Hilbert modular variety M in Ag
associated to a totally real number field of degree g always contains a Teichmu¨ller curve
in T ◦g , and of course infinitely many points are found in the intersection; the proof relies
on [BM10, § 6].
Nevertheless, we would like to propose further the following conjecture for Shimura
varieties of unitary type, motivated by the theorem just proved:
Conjecture 3.4. Let M ⊂ Ag be a Shimura subvariety of the type in Theorem 3.3. Then
the intersection T ◦g ∩M is empty.
4. Evidence in dimension zero
In this section, we explore evidence supporting Question 2.3 for zero-dimensional weakly
special subvarieties of certain types. Theorem 1.2 (resp. Theorems 1.3 and 1.4) will be
proven in Section 4.1 (resp. Section 4.2).
4.1. The self-product case. This subsection is devoted to Theorem 1.2. We first briefly
recall the Sato-Tate equidistribution for a fixed elliptic curve E over a number field.
Then applying the finiteness of elliptic curves with bounded Faltings height over number
fields of bounded degree, we reduce Theorem 1.2 to Theorem 4.3, where only one fixed
elliptic curve is involved. Finally, mimic Kukulies’ idea in the geometric case, we complete
the proof of Theorem 4.3 and hence also Theorem 1.2 based on the Arakelov theory on
arithmetic surfaces.
The Sato-Tate equidistribution is now available for all CM elliptic curves and “many”
non-CM ones, formulated in terms of the distrubition of angles for normalized Frobenius
traces: if E is an elliptic curve over some number field F with a model E over the integer
ring OF , then at a prime p in OF of good reduction for E we have the Frobenius trace on
the geometric special fiber:
ap = tr(Frobp) = 2
√
qp cos θp
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with Frobp the geometric Frobenius acting on H
1(Ek¯p,Qℓ), and the distribution of the
angles θp in [0, π] along the growth of the norms of primes qp = #kp is the subject of
Sato-Tate conjecture:
Theorem 4.1 (non-CM case). Let F be a totally real number field, and let E be an elliptic
curve over F of non-CM type admitting bad reduction of multiplicative type at some finite
place of F . With the notations used above, the angles θp are equidistributed on the interval
[0, π] with respect to the Sato-Tate measure µ = 2
π
sin2 θdθ when p runs through primes of
good reduction for E over F . In particular
lim
N→∞
#{p : qp < N, θp ∈ [α, β]}
#{p : qp < N} =
∫
[α,β]
µ(dθ)
for any interval [α, β] ⊂ [0, π].
This is the non-CM case of the Sato-Tate conjecture proved by Clozel, Harris, Shepherd-
Barron and Taylor by establishing the analytic properties of the L-functions of interest
through potential automorphy lifting, see [Car08] for a brief introduction.
On the other hand, the CM case is well known after the classical work of Deuring on
Hecke L-series (cf. [Deu53]).
Theorem 4.2 (CM case). Let E be an elliptic curve over a number field F admitting
CM by the integer ring OK of some imaginary quadratic number field K. Assume that
F contains K. Then the Sato-Tate equidistribution holds for the Frobenius eigenvalues
of H1(Ek¯p ,Qℓ) with respect to the Sato-Tate measure on [0, π] induced by the normalized
Haar measure on the circle S1.
Note that a similar result holds when K is not contained in F , but the Sato-Tate
measure is slightly different, which we skip for simplicity.
We now state the result with only one fixed elliptic curve involved, based on which we
first prove the main result Theorem 1.2.
Theorem 4.3. Let c be a fixed constant and E be an elliptic curve over a number field
F admitting a semi-stable model E over OF and satisfying the Sato-Tate equidistribution.
Then there exists a constant G = G(E, F, c) > 0 such that g < G holds whenever there
exists a smooth projective curve C of genus g over F with a semi-stable model C over OF
and with an isogeny over F from J = Jac(C) to the g-fold self-product A = Eg of degree
at most c.
Proposition 4.4. Theorem 1.2 is reduced to Theorem 4.3.
Proof. For fixed positive constants d andH , it is clear from [Sil86, Corollary 2.5] that there
exist only finitely many pairs (F,E) consisting of a number field F and an F -isomorphism
class of elliptic curve E satisfying
[F : Q] ≤ d, and hFal(E) ≤ H.
For such a fixed pair (F,E), there exists a number field F ′, determined by E and F ,
such that the extension of E over F ′ admits a semi-stable model E → F ′. Moreover,
whenever there exists a smooth projective curve C/F of genus g with an isogeny over
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F from J = Jac(C) to the A = Eg of degree at most c, so it is with the curve C/F ′
obtained by scalar extension. In particular, the local monodromy for C/F ′ is trivial
(resp. unipotent) if and only if so is for E/F ′, using the stable reduction criterion (cf.
[Cas13, Prop 5.11 & Thm6.3]) of Grothendieck, Deligne and Mumford. Thus Theorem 4.3
produces a bound on g determined by c and the pair (F,E). The proof is completed by
the finiteness of the pairs (F,E). 
To complete the proof of Theorem 1.2, it suffices to prove Theorem 4.3, which can be
considered as an analogue over number fields of the result from [Kuk10]. For readers’
sake, we briefly review Kukulies’ idea. One starts with a function field F in characteristic
p, a smooth projective curve SF over F whose Jacobian JF = Jac(SF ) is isogenous
to the g-fold product of some elliptic curve EF over F . Assume that these structures
admit non-isotrivial semi-stable models: F is the function field of some smooth projective
geometrically connected curve C over Fq, SF is the generic fiber of some semi-stable
surface fibration f : S → C, EF admits a semi-stable model E → C, and the isogeny
JF → EgF also extends to J = Pic ◦(S/C) → Eg over C. The estimation of Kukulies in
this case goes as follows:
• the height inequality of Szpiro for S → C bounds the number δ of the singular
points from all the (singular) fibers of S → C as
δ ≤ 12 deg(ωS/C)
with ωS/C the dualizing sheaf for S → C, and deg(ωS/C) = h(J/C) = gh(E/C)
with h(•/C) the height of a group C-scheme, i.e., degree of the invariant differential
sheaf along the neutral section;
• the Sato-Tate equidistribution for E → C shows for g > qn + 1, the number of
singular fibers of S → C over points from C(Fqn) is at least 14qn, and the number
of singular points in such a fiber of S → C is at least ⌊ g
2qn
⌋; some counting rear-
rangements lead to the estimate δ ≥ c(E/C)g log g
log log g
, which bounds g in constants
determined by E → C.
In the same spirit, we are going to prove Theorem 4.3 using Arakelov geometry on
arithmetic surfaces. The counterpart over number fields of the height inequality of Szpiro
is the following:
Theorem 4.5. Let C be a smooth projective curve of genus g ≥ 1 over Q¯, with C a
semi-stable minimal model of X over B = SpecOF for the integer ring of some number
field F ⊂ Q¯. Write J = Jac(C/F ) and J = Pic ◦(C/B) for the integral model of J over
B which is a semi-abelian B-scheme. Then holds the inequality
∆(C/B) < 12hFal(C) + 6g log 2π2,
where:
• ∆(C/B) = 1
[F :Q]
∑
p#Sing(C(k¯p)) log qp is the weighted sum of singularities for
h : C → B, where Sing(C(k¯p)) is the set of singular points in C(k¯p) over a prime
p of bad reduction, and qp is the cardinality of the residue field at the prime p;
• hFal(C) = 1[F :Q] · d̂egh∗ωC/B is the (stable) Faltings height of C, also equal to the
Faltings height hFal(J) of the Jacobian J = Jac(C).
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The proof of this theorem is immediate after combining results in Arakelov geometry
by Faltings with some recent improvement by Wilms, kindly explained to us by Prof.
Ariyan Javanpeykar:
Theorem 4.6 (Faltings, cf. [Fal84]). For the arithmetic surface C → B in Theorem 4.5
holds the Noether formula
12hFal(C) = ∆(C/B) + e(C) + δFal(C)− 4g log 2π,
where δFal(C) =
1
[F :Q]
· ∑
σ:F →֒C
δ(Cσ) is the (stable) delta invariant of C (also viewed as the
archimedean discriminant), and e(C) = 1
[F :Q]
· ω2
C/B. Moreover, e(C) ≥ 0.
The improvement fromWilms [Wil16] provides a link between the δ-invariant of Faltings
and the ϕ-invariant of Kawazumi-Zhang, cf. [Kaw08] and [Zha10]. For simplicity we only
mention the following less precise consequence, which is sufficient for the analogue of
Szpiro inequality:
Theorem 4.7 (Wilms, cf.[Wil16]). For C → B the arithmetic surface as above holds the
inequality δFal(C) > −2g log 2π4.
The proof of Theorem 4.3 is thus reduced to an estimation of singular points, along the
idea in [Kuk10]:
Proof of Theorem 4.3. Keep the notations ap, qp etc. as before. The assumption on the
equidistribution of Sato-Tate type implies that the following subset of primes of good
reduction for E over F
P = {p : ap > 0}
is of density ρ > 0 in the set of primes of F . Note that the Frobenius trace is an integer.
It follows that ap ≥ 1 for any p ∈ P .
On the other hand, a prime p of good reduction for C is also of good reduction for E
via the isogeny between J ⊗F Fp and Eg ⊗F Fp using Serre-Tate’s criterion, cf. [ST60].
The isomorphism
H1(Ck¯p ,Qℓ) ≃ H1(Jk¯p,Qℓ) ≃ H1(Ek¯p ,Qℓ)⊕g
leads to the point counting
#C(kp) = 1 + qp − gap,
which together with the inequality #C(kp) ≥ 0 implies that
1 + qp − g ≥ 0, ∀ p ∈ P.
In particular, qp + 1 ≥ g for such primes of good reduction.
Put
P (g) := {p ∈ P | qp + 1 < g} ⊆ P.
Since the set P defined above is of density ρ > 0, the subset P (g) is of cardinality at least
1
2
ρ · g
log g
when g is large enough. Moreover, for p ∈ P (g), although J , or equivalently E, is
of good reduction, the fiber Ckp must be singular due to the counting inequality qp+1 ≥ g
established above for primes of good reduction of C → B.
We claim that the number of singular points in such a singular fiber is at least g
2qp
. The
argument is the same as in [Kuk10]: when qp + 1 < g, the Jacobian is either a torus, or
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isogenous to the g-fold product of a single elliptic curve. In the toric case the curve Ck¯p
has at least g singular points; in the compact case the curve is a chain of smooth curves
each of genus at most qp + 1, and at least
g
2qp
singular points are found in the fiber.
Summing over these primes in P (g) gives the following inequality:
∆(C/B) ≥ 1
d
∑
p∈P (g)
g
2qp
log qp ≥ 1
2d
· ρ1g log g,
for some ρ1 ∈ (0, ρ) with d = [F : Q], using some standard estimation in analytic number
theory (cf. Lemma 4.9 below).
It is also known from [Fal83] (or [Ray85]) that for given E and F , the Faltings height of
an abelian variety A′ over F admitting an F -isogeny to Eg of degree f only differs from
ghFal(E/OF ) by a quantity bounded by log deg f . Since we have required the degree of
isogeny between J and Eg be bounded by c, we deduce from Theorem 4.5 that
∆(C/B) ≤ 12hFal(C) + gO(1) = g
(
12hFal(E) +O(1)
)
+O(1),
where O(1) stands for some constant determined by E , F and c, independent of g. Thus
1
2d
ρ1g log g ≤ g
(
hFal(E) +O(1)
)
+O(1).
Eliminating the linear factor g one obtains an upper bound of g as required. 
Remark 4.8. (1) Note that the bounds in the theorems are not explicit. On the other
hand, if we consider the case of function field over the field C, namely a semi-stable
surface fibration S → B with B some algebraic curve over C such that the Picard variety
Pic (S/B) is generically a Jacobian over the function field F of B isogenous to a g-fold
self-product of some elliptic curves over F , then [LZ14] affirms an upper bound g ≤ 11.
However, the proof loc. cit. relies heavily on transcendental results such as the logarithmic
Miyaoka-Yau inequality, which has no arithmetic analogy at the moment.
(2) The next section presents a similar result of such finiteness for products of CM
abelian varieties, making use of recent progress on Sato-Tate equidistribution and Faltings
heights.
In the proof of Theorem 4.3 above we have made use of some standard estimation from
analytic number theory, based on the useful fact that for {an} a sequence of numbers and
b(x) a function of C1-class on R≥0, holds the following identity (see for example [MV07]):
(4-1)
∑
n≤x
anb(n) = A(x)b(x)−
∫ x
1
A(t)b′(t)dt,
with A(t) =
∑
n≤t
an.
Lemma 4.9. (1) Let P be the set of prime numbers in N, and Q a subset of natural
density c, i.e.
lim
x→∞
#Q ∩ P (x)
#P (x)
= c,
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where P (x) = {p ∈ P : p ≤ x}. Then asymptotically holds∑
p∈Q∩P (x)
log p
p
∼ c · (log x− log log x), x→∞.
(2) Let F be a number field, PF its set of prime ideals and QF ⊂ PF a subset of density
c > 0, namely
lim
x→∞
#QF ∩ PF (x)
#PF (x)
= c,
where similar as above we have PF (x) = {℘ ∈ PF : q℘ ≤ x} with qp being the cardinality
of the residue field at the prime p. Then asymptotically holds the estimation∑
℘∈QF∩PF (x)
log q℘
q℘
≥ c1 log x, x→∞,
for some contant c1 depending only on QF and F .
Proof. (1) Consider the sequence {an} given by ap = 1 for p ∈ Q and zero otherwise.
Then
A(x) :=
∑
n≤x
an ∼ c x
log x
.
The summation formula (4-1) above gives∑
p∈Q∩P (x)
log p
p
=
∑
n≤x
an
log n
n
∼ c x
log x
· log x
x
−
∫ x
2
c
t
log t
d(
log t
t
) = c log x− c log log x+O(1).
(2) Write pF (n) for the number of ways representing n ∈ N as the norm of a prime ideal
from PF . Then Landau’s prime number theorem
∑
℘∈PF (x)
1 ∼ x
log x
for F is the same as∑
n≤x
pF (n) ∼ x
log x
.
Similarly one writes qF (n) for the number of ways representing n as the norm of a prime
ideal from QF , and the assumption on natural density is
lim
x→∞
∑
n≤x qF (n)∑
n≤x pF (n)
= c.
Applying the summation formula mentioned above we obtain∑
n≤x
qF (n)
log n
n
∼ c(log x− log log x),
and one may simply take c1 =
c
2
< c. 
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4.2. variant for products of CM abelian varieties. The Sato-Tate equidistribution
has gone through various forms of generalization in recent years, cf. [Fit15] for related
discussion on notions such as Sato-Tate groups, etc. For general CM abelian varieties
over number fields the equidistribution is established, as a consequence of the potential
automorphy theory, cf. [Joh17]:
Theorem 4.10. Let A be an abelian variety over a number field F , which is isogeneous
to a product of simple CM abelian varieties after a finite base change of F . Then the
Sato-Tate equidistribution holds for A.
In [Joh17] this is worked out in the more general setting of semi-simple potentially
abelian geometric Galois representations of pure weights. The precise formulation of
equidistribution involves the notion of Sato-Tate group: in the case of interest, e.g. a CM
abelian variety A, the Sato-Tate group is a compact torus (products of S1), identified as a
maximal compact subgroup of the complex locus of the Hodge group of A, and the limit
measure is simply the Haar measure on the Sato-Tate group.
Let F be a fixed number field and let A1, · · · , Ar be CM abelian varieties over F , of
good reduction over a common Zariski open set of prime ideals P of OF . If A is an abelian
variety over F isogeneous to a product of the form Am11 × · · · × Amrr , then the theorem
above affirms the existence of a subset Q in P of strictly positive density such that tuples
of normalized Frobenius traces
(λp(1), λp(1), · · · , λp(r), λp(r))
(with λp(i) repeated mi times) fall in any given product of intervals [a, b]
m inside [−1, 1]m
(m =
∑
imi, a < b) when p runs through Q; here λp(i) = cos θp(i) is the Frobenius
trace of Ai at p divided by 2
√
qp. For a natural generalization of the main result in the
self-product case it remains to input bounds on Faltings height, for which the following
estimations are available:
Theorem 4.11. Let L be a CM field and A an r-dimensional simple abelian variety with
CM by L, defined over a number field F . Then:
(1) the Faltings height is bounded from above in the form
hFal(A) ≤ |Disc(L)|or(1)
where or(1) is an R≥0-valued function tending to zero as r grows, independent of A;
(2) there exists constant cr > 0, δr > 0, independent of A such that
[F : Q] ≥ cr|DiscL|δr
Here (1) is a consequence of the average Colmez conjecture proved by [AGHM] and
[YZ15], and we have only taken the convenient form following [Tsi15]; (2) is also found
in [Tsi15] which affirms that the Galois orbits of CM points are large compared to the
discriminants involved. Combining the two results one finds that once the field of defi-
nition F is of fixed degree, there are only finitely CM abelian varieties defined over F of
bounded dimension admitting semi-stable models over OF , due to the bound of Faltings
heights. We are thus ready to prove the following theorems:
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Theorem 4.12. Fix integers d > 0, R > 0, c > 0, and write Sg(d, R, c) for the set of
points [J ] in T ◦g (Q¯) subject to the following conditions:
• J is the Jacobian of a smooth projective curve C defined over a number field F of
degree at most d, of genus g, admitting a semi-stable model C over OF ;
• there exists an isogeny of degree at most c from J to a product A1×· · ·×Am where
– the Ai’s are CM abelian varieties of dimension at most R defined over F ,
with semi-stable models over OF ;
– the Ai’s satisfy the Sato-Tate equidistribution.
Then there exists a constant G = G(d, R, c) such that Sg(d, R, c) is finite if g < G, and
that Sg(d, R, c) is empty if g ≥ G.
Proof. According to Theorem 4.11, the Faltings heights of CM abelian varieties of dimen-
sion at most R defined over a number field of degree at most d are bounded from above.
Write H for the maximum of Faltings heights of CM abelian varieties involved as above.
Let J be the Jacobian of some smooth projective curve C defined over F with a semi-
stable OF -model C. Similar to Section 4.1, we have the following inequality
∆(C/OF ) ≤ hFal(J) + gO(1) + dc ≤ g(H +O(1)) + dc,
where dc is a constant that only depends on c the bound of isogeny degree.
On the other hand, the Sato-Tate equidistribution assures the existence of a set of
prime ideals Q in OF of positive density, such that for any p ∈ Q, the abelian variety Ai
is of good reduction whose Frobenius trace ap,i is a strictly positive integer, i = 1, · · · , m.
Similar to the proof of Theorem 4.3, using the non-negativity of the kp-rational points on
Ckp , one deduces that g ≤ R(1 + qp) if p were also a prime of good reduction for C over
OF . Hence for p ∈ Q with qp < gR − 1 does contribute non-trivially to ∆(C/OF ) as we do
in the proof of Theorem 4.3, and one is led to
1
2Rd
· ρ1g log g ≤ 1
d
∑
p∈Q, qp<
g
R
−1
g
log qp
2Rqp
≤ ∆(C/OF ) ≤ g(H +O(1)) + dc,
for some constant ρ1 > 0. Hence one gets an upper bound on g in terms of d, R and c.
Finally, for fixed genus g ≥ 1, one knows that
hFal(C) = hFal
(
Jac(C)
) ≤ g(H +O(1)),
for any smooth projective curve C ∈ Sg(d, R, c). Hence Sg(d, R, c) is finite by Northcott’s
theorem. 
In the case of CM elliptic curves, the Sato-Tate equidistribution is known Theorem 4.2.
Theorem 1.3 is now a direct consequence of Theorem 4.12. We end this subsection with
the proof of Theorem 1.4.
Proof of Theorem 1.4. . Let C any smooth projective curve of genus g > 0 defined over
a number field F with [F : Q] ≤ d, and the Jacobian Jac(C) is isogenous to Eg for
some CM elliptic curve E over F . By [Kan11, Theorem2], there exist CM elliptic curves
E1/F, · · · , Eg/F , such that
Jac(C) ∼= E1 × · · · × Eg.
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Thus by Theorem 4.12, there exists a positive constant G = G(d) such that g ≤ G.
The finiteness follows from the the same reason as in Theorem 4.12. Indeed, according
to Theorem 4.11, for any CM elliptic curve E over a number field of degree at most d,
there exists a positive number M such that
hFal(E) ≤M.
Hence for any C ∈ Sd,
hFal(C) = hFal
(
Jac(C)
)
=
g∑
i=1
hFal(Ei) ≤ gM ≤ GM.
Therefore, the set Sd is finite by Northcott’s theorem. 
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